Abstract. In our paper we give a characterization of (set-valued) maps which are minimal usco and minimal cusco simultaneously. Let X be a topological space and Y be a Banach space. We show that there is a bijection between the space M U (X, Y ) of minimal usco maps from X to Y and the space M C(X, Y ) of minimal cusco maps from X to Y and we study this bijection with respect to various topologies on underlying spaces. Let X be a Baire space and Y be a Banach space. Then (M U (X, Y ), τ U ) and (M C(X, Y ), τ U ) are homeomorphic, where τ U is the topology of uniform convergence.
Introduction
The acronym usco (cusco) stands for a (convex) upper semicontinuous nonempty compact-valued set-valued map. Such set-valued maps are interesting because they describe common features of maximal monotone operators, of the convex subdifferential and of Clarke generalized gradient. Examination of cuscos and uscos leads to serious insights into the underlying topological properties of the convex subdifferential and the Clarke generalized gradient. (It is known that Clarke subdifferential of a locally Lipschitz function and, in particular, the subdifferential of a convex continuous functions are weak* cuscos.) (see [BZ1] )
In our paper we are interested in minimal usco and minimal cusco maps. We give a characterization of such maps which are minimal usco and minimal cusco simultaneously. We also show that there is a bijection between the space of minimal usco maps and the space of minimal cusco maps and we study this bijection under the topologies of pointwise convergence, uniform convergence on compacta, uniform convergence and under the Vietoris topology.
Minimal usco and minimal cusco maps are used in many papers (see [BZ1] , [BZ2] , [DL] , [GM] , [HH1] , [HH3] , [HoM] , [Wa] ). Historically, minimal usco maps
F is upper semicontinuous if it is upper semicontinuous at each point of X. Following Christensen [Ch] we say, that a map F is usco if it is upper semicontinuous and takes nonempty compact values. A map F from a topological space X to a linear topological space Y is cusco if it is usco and F (x) is convex for every x ∈ X.
Finally, a map F from a topological space X to a topological (linear topological space) Y is said to be minimal usco (minimal cusco) if it is a minimal element in the family of all usco (cusco) maps (with domain X and range Y ); that is, if it is usco (cusco) and does not contain properly any other usco (cusco) map from X into Y . By an easy application of the Kuratowski-Zorn principle we can guarantee that every usco (cusco) map from X to Y contains a minimal usco (cusco) map from X to Y (see [BZ1] , [BZ2] , [DL] ).
Other approach to minimality of set-valued maps can be found in [Ma] and [KKM] .
In the paper [HH1] we can find an interesting characterization of minimal usco maps using quasicontinuous and subcontinuous selections, which will be also useful for our analysis.
A function f : X → Y is quasicontinuous at x ∈ X [Ne] if for every neighborhood V of f (x) and every U ∈ U(x) there is a nonempty open set G ⊂ U such that f (G) ⊂ V . If f is quasicontinuous at every point of X, we say that f is quasicontinuous.
The notion of quasicontinuity was perhaps the first time used by R. Baire in [Ba] in the study of points of separately continuous functions. As Baire indicated in his paper [Ba] the condition of quasicontinuity has been suggested by Vito Volterra. There is a rich literature concerning the study of quasicontinuity, see for example [Ba] , [HP] , [Ke] , [KKM] , [Ne] . A condition under which the pointwise limit of a sequence of quasicontinuous functions is quasicontinuous was studied in [HH2] .
A function f : X → Y is subcontinuous at x ∈ X [Fu] if for every net (x i ) convergent to x, there is a convergent subnet of (f (x i )). If f is subcontinuous at every x ∈ X, we say that f is subcontinuous.
Let
It is well known that every selection of a usco map is subcontinuous ([HH1] , [HN] ).
Theorem 2.1. (see Theorem 2.5 in [HH1] ) Let X, Y be topological spaces and Y be a T 1 regular space. Let F be a map from X to Y . The following are equivalent:
(1) F is a minimal usco map; (2) There exist a quasicontinuous and subcontinuous selection f of F such that f = F ; (3) Every selection f of F is quasicontinuous, subcontinuous and f = F .
Let Y be a linear topological space and B ⊂ Y is a set. By coB we denote the closed convex hull of the set B (see [AB] ).
The following Lemma is a folklore.
Lemma 2.1. Let X be a topological space and Y be a Hausdorff locally convex linear topological space. Let G be a usco map from X to Y and coG(x) is compact for every x ∈ X. Then the map F defined as F (x) = coG(x) for every x ∈ X is a cusco map.
Remark 2.1. There are three important cases when the closed convex hull of a compact set is compact. The first is when the compact set is a finite union of compact convex sets. The second is when the space is completely metrizable and locally convex. This includes the case of all Banach spaces with their norm topologies. The third case is a compact set in the weak topology on a Banach space. (see [AB] )
Let B be a subset of a linear topological space. By E(B) we denote the set of all extreme points of B. Let X be a topological space and Y be a Hausdorff locally convex (linear topological) space. Let F : X → Y be a map with nonempty compact values. Then a selection f of F such that f (x) ∈ E(F (x)) for every x ∈ X is called an extreme function of F .
Notice that all known characterizations of minimal cusco maps are given in the class of cusco maps (see [GM] , [BZ1] ). So the following characterization of minimal cusco maps in the class of all set-valued maps can be of some interest: Theorem 2.2. (see [HH3] ) Let X be a topological space and Y be a Hausdorff locally convex (linear topological) space. Let F be a map from X to Y . Then the following are equivalent:
(1) F is a minimal cusco map; (2) F has nonempty compact values and there is a quasicontinuous, subcontinuous selection f of F such that cof (x) = F (x) for every x ∈ X; (3) F has nonempty compact, convex values, F has a closed graph, every extreme function of F is quasicontinuous, subcontinuous and any two extreme functions of F have the same closures of their graphs; (4) F has nonempty compact values, every extreme function f of F is quasicontinuous, subcontinuous and F (x) = cof (x) for every x ∈ X.
Let X be a topological space and Y be a Hausdorff locally convex (linear topological) space. Denote by M U (X, Y ) the set of all minimal usco maps and by M C(X, Y ) the set of all minimal cusco maps from X to Y . Of course
Example 2.1. Let X = [−1, 1] with the usual Euclidean topology. Consider the maps F and G from X to R defined by:
Definition 2.1. Let X be a topological space and Y be a Hausdorff locally convex (linear topological) space. We say that f is *-quasicontinuous at x if for every y ∈ cof (x), for every V ∈ U(y) and every
If f is *-quasicontinuous at every point of X, we say that f is *-quasicontinuous.
Example 2.2. Consider the function f from R to R defined by:
The function f is not continuous at x = 0, but it is *-quasicontinuous at 0. Theorem 2.3. Let X be a topological space and Y be a Hausdorff locally convex (linear topological) space. Let f be a function from X to Y . Then f is *-quasicontinuous at x if and only if every selection of f is quasicontinuous at x and f (x) = cof (x).
It follows from the previous Theorem that every *-quasicontinuous function is quasicontinuous.
Theorem 2.4. Let X be a topological space and Y be a Hausdorff locally convex (linear topological) space. Let F be a map from X to Y . Then the following are equivalent:
(
There exist a *-quasicontinuous and subcontinuous function f from X to Y such that f = F ; (3) Every selection f of F is *-quasicontinuous, subcontinuous and f = F .
(2) ⇒ (1) Let f be a *-quasicontinuous and subcontinuous function from X to Y such that f = F . Thus f is quasicontinuous and by Theorem 2.3
. By Theorem 2.1 F is minimal usco map and since by Lemma 2.1 F is cusco, by Proposition 2.7 in [BZ1] F is minimal cusco.
Denote by F (X, Y ) the set of all maps with nonempty closed values from a topological space X to a Hausdorff locally convex (linear topological) space Y . Define the function ϕ :
The following theorem was proved in [HH3] . For a reader's convenience we will also provide the proof.
Theorem 2.5. (see Theorem 4.1 in [HH3] ) Let X be a topological space and Y be a Hausdorff locally convex (linear topological) space. Let F : X → Y be a minimal cusco map. There is a unique minimal usco map contained in F . Proof. Let G, H be two minimal usco maps contained in F . It is sufficient to prove that
Let τ be a Hausdorff locally convex topology on Y and Γ be a system of seminorms on X which generate τ . For every x ∈ X, every p ∈ Γ and ǫ > 0 we denote
Suppose there is x ∈ X such that G(x) ∩ H(x) = ∅. Since G(x), H(x) are compact sets, there is a seminorm p and ǫ > 0 such that
The upper semicontinuity of G and H implies that there is U ∈ U(x) such that
for every z ∈ U . Let g ⊂ G and h ⊂ H be selections of G, H respectively. The quasicontinuity of h at x implies that there is a nonempty open set V ⊂ U such that
Theorem 2.6. Let X be a topological space and Y be a Hausdorff locally convex (linear topological) space in which the closed convex hull of a compact set is compact. The map ϕ is bijection from M U (X, Y ) to M C(X, Y ).
Proof. Let F ∈ M U (X, Y ). To show that ϕ(F ) ∈ M C(X, Y ) note that by Lemma 2.1 the map G defined as G(x) = coF (x) for every x ∈ X is a cusco map and by Proposition 2.7 in [BZ1] G is minimal cusco.
Next we show that ϕ maps M U (X, Y ) onto M C(X, Y ). Let G ∈ M C(X, Y ) and let F be a minimal usco map contained in G. By Lemma 2.1 the map x → coF (x) is a cusco map such that coF (x) ⊂ G(x) for every x ∈ X. Since G is minimal cusco, G(x) = coF (x) for every x ∈ X.
Finally, to show that ϕ is one-to-one, suppose that F, G ∈ M U (X, Y ) and F = G. Suppose, by way of contradiction, that ϕ(F ) = ϕ(G). So by Theorem 2.5 F = G, a contradiction. The Hausdorff (extended-valued) metric H d on CL(Y ) [Be] is defined by
We will often use the following equality on CL(Y ):
The topology generated by H d is called the Hausdorff metric topology.
Following [HM] we will define the topology τ p of pointwise convergence on F (X, Y ). The topology τ p of pointwise convergence on F (X, Y ) is induced by the uniformity U p of pointwise convergence which has a base consisting of sets of the form
where A ∈ F(X) and ε > 0. The general τ p -basic neighborhood of Φ ∈ F (X, Y ) will be denoted by W (Φ, A, ε) 
, Ψ(x)) < ε for every x ∈ A}. If A = {a}, we will write W (Φ, a, ε) instead of W (Φ, {a}, ε).
We will define the topology τ UC of uniform convergence on compact sets on F (X, Y ) [HM] . This topology is induced by the uniformity U UC which has a base consisting of sets of the form
Finally we will define the topology τ U of uniform convergence on F (X, Y ) [HM] . Let ̺ be the (extended-valued) metric on F (X, Y ) defined by
for each Φ, Ψ ∈ F (X, Y ). Then the topology of uniform convergence for the space F (X, Y ) is the topology generated by the metric ̺. Proof. At first we show that e d (coA, coB) ≤ e d (A, B) . It is known (see [Be] exercise 1.5.3. b), that if C is convex then e d (coA, C) = e d (A, C). So e d (coA, coB) = e d (A, coB). Since B ⊂ coB we have that
Similarly we can show that
we are done.
Theorem 3.1. Let X be a topological space and Y be a Banach space. The
Proof. The proof follows from the above Lemma.
The following example shows that the map ϕ
Example 3.1. Let X = [−1, 1] with the usual Euclidean topology. Let F and G are maps from Example 2.1. Then F = ϕ −1 (G). We claim that ϕ −1 is not continuous at G. For every n ∈ Z + let P n be the map from [−1, 1] to R defined by
It is easy to see that for every A ∈ F(X) and every ε > 0 there exists an
2 ) and so the map ϕ −1 is not continuous at G.
Remark 3.1. If X is a Baire space, Y is a normed linear space and
In fact, let f : X → Y be a quasicontinuous subcontinuous selection of F such that f = F (see Theorem 2.1). By Theorem 4.1 in [HP] the set C(f ) of the points of continuity of f is a dense G δ -set in X. It is easy to verify that F must be single-valued at every point of the set C(f ). The same holds also for F ∈ M C(X, Y ).
Theorem 3.2. Let X be a locally compact space and Y be a Banach space. The
Proof. By Theorem 2.6 ϕ is a bijection. By Theorem 3.1 it is sufficient to prove that ϕ −1 is continuous. Let G ∈ M C(X, Y ) and F = ϕ −1 (G). Let K ∈ K(X) and ε > 0. We show that there exist K 1 ∈ K(X) and ε 1 > 0 such that
. By Remark 3.1 and Theorem 2.1 for ε 3 and for every U ∈ U(x) there exist x U ∈ U ∩ IntK 1 such that F (x U ) is single-valued and F (x U ) ∈ S ε 3 (y). From the fact that F (x U ) is single-valued it follows that G(x U ) is single-valued too and consequently
(F (x U )) and hence there exist y U ∈ 10ĽUBICA HOLÁ AND DUŠAN HOLÝ
. So there exists a subnet of the net {(x U , y U ) : U ∈ U(x)} which converges to a point (x, z), (F (x) ) can be proved similarly.
The following Example shows that the condition of local compactness in Theorem 3.2 is essential. 
Proof. The proof is similar to the proof of Theorem 3.2.
In the last part of our paper we will consider the Vietoris topology V on M U (X, R) and on M C(X, R). First we will consider the Vietoris topology V on the space CL(X × R) of nonempty closed subsets of X × R. The basic open subsets of CL(X × R) in V are the subsets of the form
Under the identification of every element of M U (X × R) and M C(X × R) with its graph, we can consider M U (X × R) and M C(X × R) as subsets of CL(X × R). We will consider the induced Vietoris topology V on M U (X × R) and on M C(X × R).
Theorem 3.4. Let X be a locally connected space. The map ϕ from
. By Lemma 4.1 in [HJM] there is an open set H ⊂ X × R such that G ⊂ H ⊂ W and H(x) is connected for every x ∈ X. Without loss of generality we can also suppose that for every i = 1, 2, ...n, W i ⊂ H and
For every i ∈ {1, 2, ...n} we will define an open set H i as follows.
It is easy to verify that The following Example shows that the condition of local connectedness in the above Theorem is essential. x ∈ X ∩ (0, 1]. Then G = ϕ(F ) and we claim that ϕ is not continuous at F . For every n ∈ Z + let f n be the function from X to R defined by f n (x) = 1, x ∈ X ∩ [−1, 1 n ); −1, x ∈ X ∩ ( 1 n , 1]. We have that f n = ϕ(f n ) for every n ∈ Z + . The sequence {f n : n ∈ Z + } converges in (M U (X, R), V ) to F , but {f n : n ∈ Z + } does not converge to G in (M C(X, R), V ).
The following example shows that the map ϕ 
12ĽUBICA HOLÁ AND DUŠAN HOLÝ
Evidently g n = ϕ −1 (g n ) for every n ∈ Z + . It is easy to see that the sequence {g n : n ∈ Z + } converges in (M C([−1, 1], R), V ) to G, but {g n : n ∈ Z + } does not converges to F in (M U ([−1, 1] , R), V ).
